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(ii)  The  system  (X.l),  or  equivalently,  the  pair 
(A,B)  is  uniformly,  strongly,  or  we.ikly 
stabilizoble,  if  there  exists  a bounded  operut  r K 
mapping  H into  1L,  such  that  A + BK  generates  a 
uniformly,  strongly  or  weakly  stable  semigroup  S(t), 
respectively. 

Immediate  relations  follow  from  these  definitions. 

We  will  state  some  of  them  without  proof : 

•T(t)  is  uniformly  stable  if  and  only  if  there  exist 
an  H > 1 and  u > 0 such  that  Vt  | |T(t)  | 1 < fie-40'. 

For  a proof,  see  [4],  This  is  why  the  uniform 
stability  is  often  called  uniform  exponential 
stability  or  simply  exponential  stability. 

•If  dim  H < »,(U.S.)  <=>  (S.S.)  <=>  (W.S.) 

•In  general,  we  only  have 

(U.S.)  =>  (S.S.)  =>  (W.S.) 

As  far  as  controllability  is  concerned,  tire  number 
of  non -equivalent  definitions  found  in  the 
literature  is  much  larger  and  not  useful  for  this 
paper's  results.  An  excellent  classification  of 
these  notions  can  be  found  in  Dolecki  [5].  We  shall 
need  only  the  notion  of  long  tern  appro:: l/nste 
reachability  of  th  ■ second  crUer,  in  Dolecki' s 
terminology,  commonly  known  as  (approximate) 
controllability , as  follows: 

Definition  1.2 

Consider  the  system  (1.1),  where  A generates  a CQ 
semigroup  T(t)  over  a Hilbert  space  H and  B is  a 
linear  bounded  operator  mapping  another  Hilbert 
space  Into  H.  Tne  set  C of  x in  H,  for  which 
given  any  e > 0,  there  exist  a t > 0 and  u(*)  in 
L?t(0,t);  If]  such  that 

| |x  - J *t  T(t  - o)  Bu(o)do| | < c (1.4) 

is  called  the  set  of  (approximately)  controllable 
states.  If  C = H,  the  system  is  approximately 
cont rol  lable.  See  Ll]. 

Imvr.i  1 ■ I : 

With  the  above  notations,  C is  a closed  subspace  end 
can  be  characterized  bv 

C = u krngo  (!'i'(t)Bj  (1.5) 

t>0 

It  follows  that 

C1  r n W (1.6) 

t>0 

where  N(  • ) denotes  the  null-space. 


C(resp.  CJ ) is  called  the  (approximately) 
controllable  (resp.  uncontrollable)  subspace. 

Proof : 

See  [1,  pp.  207-210] 

Slemrod  [7,  Theorem  3.5]  has  shown  that  if  A 
generates  a CQ  contraction  semigroup  T(t)  over  a 
Hilbert  space  H and  B is  a linear  bounded  trans- 
formation napping  a Hilbert  space  If  into  H,  the 
semigroup  generated  by  A - BE*  is  weakly  stable 
provided 

(i)  A has  a compact  resolvent  (note  that  for  some 
reason  this  condition  is  stated  in  terms  of  A*  in 
[7],  alt 'rough  of  course  the  two  are  equivalent) 

(ii)  (A,B)  is  (approximately)  controllable. 

In  his  proof,  he  uses  the  "LaSalle  invariance 
principle".  We  shall  show  (Iheorem  4.1)  that  the 
assumption  >(i)  is  superfluous  (and  in  fact  is 
sufficient  to  yield  strong  stability)  and  (ii)  can 
be  weakened  to  (iii)  the  weakly  unstable  states 
are  (approximately)  controllable,  which  actually 
turns  out  to  be  a necessary  condition.  Moreover, 
our  techniques  are  simpler  and  more  directly 
semigroup  theoretic,  relying  on  a fundamental 
decomposition  of  contraction  semigroups,  based  on 
results  of  Sz.  Nagy  - Foias  [3]  and  S.  R.  Foguel 
[6],  Furthermore,  we  shall  show  that  this  result 
applies  not  only  to  contraction  semigroups  but  to 
the  wider  class  of  semigroups  which  are  similar  to 
contractions. 

2.  CANONICAL  DECOMPOSITION  DOR 
CONTRACTION  SEMIGROUPS 

One  of  the  main  difficulties  in  the  study  of  the 
asymptotic  behavior  of  infinite  dimensional 
systems  is  that  the  spectrum  of  the  infinitesimal 
generator  A gives  little  in format  ion  on  the 
growth  of  the  semigroup  generated,  as  opposed  to 
the  finite  dimensional  case.  Therefore  tire  notions 
of  stable  and  unstable  states,  easily  defined  in 
terms  of  eigensubspaces , in  the  finite  dimensional 
case,  are  in  general,  impossible  to  deteir.ri.ne  in 
infinite  dimensions.  However,  for  contraction 
semigroups  (and  semigroups  which  are  similar  to 
contractions),  it  is  possible  to  overcome  this 
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difficulty,  by  neons  of  additional  considerations, 
as  we  shall  see.  The  main  tool  is  a canonical 
decomposition  of  contraction  semigroups,  based  on 
results  of  Sz.  Nagy  - Foias  C 9 1 and  Foguel  [6], 
After  some  definitions  and  notations,  we  will  state 
the  theorem. 

Definition  2.1: 


T(t)x  J-  0 and  T*(t)x  - 0,  as  t •*  + 

Proof: 

The  proof  is  based  on  two  decoiroosition  results: 

H = H (T)  © H (T)  (Sz.  Nagy- Foias , [8]) 

H = W(T)  © W(T)1  (Foguel),  [6]) 

For  a detailed  proof , see  Eenchimol , [ 3 ] . 

The  above  theorem  motivates  the  following  definition: 


Let  H be  a Hilbert  space,  and  V be  a bounded 
operator  in  H.  We  say  that  a subspace  K reduces  V 
if  and  only  if 

VK  c K and  V*K  c K (2.1) 

Definition  2.2: 

A bounded  operator  V in  H is 

(i)  Unitary  if 

V*V  = VV*  = I 

(ii)  Completely  non  unitary  (c.n.u. ) if  there  exists 
no  subspace  other  than  {0}  reducing  V to  a unitary’ 
operator. 

Remark: 

It  follows  from  (2.1)  that  both  K and  K1  reduce  V 

and  V*. 


Definition  2.1?: 

Let  T(t)  be  a CD  contraction  semigroup  over  a 
Hilbert  space  H.  With  the  notation  of  Def.  2.3, 
W(T)1  = WOT*)1  is  called  the  weakly  unstable  sub- 
space and  elements  of  W(T)A  are  called  the  weakly 
unstable  states. 

3.  STUDY  OF  SEMIGROUPS  WHICH  APE 
SIMILAR  TO  CONTRACTIONS 

We  recall  that  two  bounded  operators  C1  and  C2  are 
similar  if  there  exists  a bounded  operator  Q,  with 
bounded  inverse  Q ^ such  that  C-^  = Q C^Q  So, 
if  the  semigroup  T(t)  is  similar  to  the  contraction 
Tj_(t),  then  there  exists  a P such  that  T^Ct)  - 
PT(t)P_1,  and  ||T1(t)||  <1. 


Definition  2.3: 


Remark  3.1: 


let  T(t)  be  a CQ  uniformly  bounded  semigroup  over  a 
Hilbert  space  H.  The  closed  subspace  W(T)  = 

{x  t H,  T(t)x  - 0 (weakly)  as  t -*•  + «>}  is  called 
the  we-U-Iv  stable  subspace  of  H. 

Theorem.  2.1: 

Let  T(t)  be  a CQ  contraction  semigroup  over  a 
Hilbert  space  H.  Then  H can  be  decomposed  into 
three  orthogonal  subspaces  Hcru(T) , W^(T)  and  W(T) 1 , 
all  reducing  T(t)  and  T*(t)  such  that: 

H (T)  © Wu(T)  = W(T),  with  the  above  notation. 
Wu(T)  © W(T)1  = HU(T)  where, 

(i)  H (T)  = H (T-)  is  the  largest  subspace  of 
H,  reducing  T(t)  to  a unitary  group,  and 

can  be  characterized  as 

H (T)  = mr,  where  K (T)  = H (T)  n P(A). 
u u u u 

(ii)  VJ(T)  = W(T*> 

(iii)  -On  H (T),  T(t)  is  completely  non- 

enu 

unitary  and  weakly  stable. 

•On  Wu(T) , T(t)  is  unitary  and  weakly  stable. 

•On  W(T)A,  T(t)  is  unitary  and  Vx  e W(T)1, 


We  can  always  assume  without  loss  of  generality 
that  P is  self  adjoint  positive  definite.  Indeed, 
if  there  exists  a Q such  that  T?(t)  = QT(t)Q~~, 
sieh  that  | |T?(t)| | < 1,  then 

Vx|  |QT(t)Q-1x|  | < ||x||  <=>  VyJ  | QT( t )y | | < | |Qy|  | 

<=>  vyj  |QT(t)y|  | 2 < ||Qy||2 

<=>  vy,(Q*QT(t)y,  T(t)y)  < (Q*Qy,y) 

<=>  vy,||(Q’’Q)1/2T(t)y[|2  < | | CQ-Q)  1/2y | |2 
1/? 

If  we  take  P = (Q*Q)  , then 

vy,  | | PT(t)y| | 2 = ||QT(t)y||2<  ||Qy||2=  ||P/||2 

= > vx,|  |FT(t)P_1x|  | < ||x|| 

=>  ||PT<t)P_1||  < 1 Q.E.D. 

Remark  3.2: 

A semigroup  T(t)  is  similar  to  a contraction 
semigroup  if  arid  only  if,  there  exists  in  II , a 
new  inner  product  t’,0,  inducing  a new  nom 

WO  . . 

1 1 . 1 1 a equivalent  to  the  original  one, 

such  that  ||T(t)||^  < 1. 

This  condition  follows  immediately  from  the  above 
remark,  in  view  of  the  fact  that  two  inner  products 
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[•  »•  ] arid  (•,•)  induce  equivalent  topologies  in  a 
Hilbert  space  if  and  only  if  there  exists  a self 
adjoint  positive  definite  operator  P such  tliat 
x,  y c H [x,y]^  = (Px,Py) 

So,  a semigroup  wlrich  is  similar  to  a contraction, 
is  actually  a contraction  semigroup  expressed  in 
another  basis,  and  the  change  of  basis  is  y = Px, 
where  P is  self  adjoint  positive  definite.  Since 
the  topological  properties  are  left  invariant  by 
such  a P,  it  seems  natural  to  define  the  weakly 
stable  and  unstable  subspaces  as  follows: 

Definition  3,1: 

If  T(t)  = FT^tM’-1,  where  ||T  <t)||  < 1 and  P is 
self  adjoint  positive  definite, 

P(W(T^))  is  called  the  weakly  stable  subspree-  of 
T(t),  P(W(T.)J’)is  called  the  weakly  unstable 
subspace  of  T(t). 

Theorem  3.1: 

The  above  definition  makes  sense,  i.e.,  is 
independent  of  the  similarity  operator  P. 

Furthermore, 

j PttK'f^)  = W(T) 

| p(v;(t1>1)  = V/CT'-'O1 
Proof: 

i)  P(W(T.))  = P{y  e H;  T^COy  - 0 as  t ■*  + “>} 

= {x  c H;  TjCtJP^x  - 0 as  t •»  ♦ «} 

= {x  £ H ;FT1(t)p"1x  - 0 as  t -*■  + «>} 

= {x  £ H;  T(t)x  - 0 as  t -*•  + "}  = W(T) 

ii)  PMtt^)1)  = {x  c H;  (P_1x,z)  = 0,  z £ WO^)} 

= {x  £ H;  (x,P_1z)  = 0,  z £ W(T  )}, 

-1  . . . 'L 
since  P is  self  adjoint 

= [P“1(W(T1))]A 

= [P-1{y  e H;  T*(t)y  - 0 as  t ■*  +»}]X 
since  WO^)  = W(T*> 

= {x  £ H;  T*(t)Px  - 0 as  t - + "J1 
= {x  £ H;  P-]T*(t)Px  - 0 as  t •*  t "J1 
= V/CT*)X  Q.E.D. 

Therefore,  we  have  at  our  disposal  an  intrinsic 
definition  as  an  alternative  to  Def.  3.1: 

Definition  3,?: 

If  the  semigroup  T(t)  is  similar  to  a contraction 
semigroup,  using  the  notations  of  Def.  2.3, 

W(T)  is  the  weakly  stable  subspace 


W(T*)A  is  tiie  weakly  unstable  subspace. 

4.  NECESSARY  AND  SUFFICIENT  CONDITION 
FOR  WEAK  STABILZABILITY  OF 
SEMIGROUPS  WHICH  ARE  SIMILAR  TO 
CONTRACTIONS: 

In  order  to  prove  the  rain  theorem  of  this  section, 
we  need  some  perturbation  leinras: 

Le.ir.ia  4.1: 

Let  A be  the  infinitesimal  operator  of  a CQ  semi- 
group T(t)  in  a Hilbert  space  H,  and  D be  a 
bounded  operator  in  H.  Then  A + D generates  a Cq 
semigroup  S(t)  in  H.  Furthermore, 

(i)  If  A and  D are  self  adjoint,  so  is  S(t),  for 
any  t ^ 0. 

(ii)  If  A and  D are  dissipative,  S(t)  is  a 
contraction  semigroup. 

(iii) If  A has  a compact  resolvent,  so  does  A + D. 

(iv) If  T(t)  is  compact,  for  any  t > 0,  so  is  S(t). 

Proof: 

See  [1,  pp.  220-225] 

Leitra  4.2 

Let  K be  any  bounded  operator  napping  a Hilbert 
space  H^  into  H.  Let  SCt)  denote  the  semigroup 
generated  by  A + BK.  Then  vt  >_  0,  B*T1:(t  )x  = 0 
if  and  only  if  vt  0,  B"S*(t)x  = 0.  (The 
(approxirately)  controllable  subspace  of  (A,B) 
coincides  with  the  one  of  (A  + BK,  B)). 

Proof: 

Follows  immediately  11x011  the  identities 

S*(t)x  = T*(t)x  + fX  T*(t  - o ) K*8*S* ( o )xda (4.1) 

. 0 
and 

T*(t)x  = S*(t)x  - fX  S*(t  - o)K*B*T*(o)xda(4.2) 

J0 

Theorem  4.1: 

Let  A Lie  the  infinitesimal  generator  of  a Cq 
semigroup  T(t)  in  a Hilbert  spree  H.  Assure  that 
T(t)  is  similar  to  a contraction  semigroup,  let 
B be  a bounded  operator  napping  another  Hilbert 
space  IL  into  H.  Then,  the  system  x = Ax  ♦ Bu  is 
weakly  stabilizable  if  and  only  if  the  "weakly 
unstable  states"  or  T(t)  are  (approximately) 
controllable,  and  a stabilizing  feedback  is 
K - - B*P,  where  P is  the  similarity  ojierator,  as 
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in  Section  3. 

Proof: 

Let  C be  the  controllable  subspace  of  (A,B),  as 
defined  above.  Let  W(T*)A  bo  the  weakly  unstable 
subspace  of  T(t),  as  defined  in  Section  3.  Then 
the  theorem  can  be  expressed  as  (A,B)  is  weakly 
stabilizable  <=>  W(T*)A  £C  <=>Ca  £ W(TiV) 

(i)  Necessity 

Suppose  there  exists  a bounded  operator  K such  that 
A + BK  generates  a weakly  stable  semigroup  S(t). 
Then,  let  x e CA.  By  definition  of  CA,  we  have 
vt  £ 0 B*T‘'!(t)x  = 0.  Therefore,  from  (4.2) , we 
get  vy  c H,(T*(t)x,y)  = (S*(t)x,y)  = (x,S(t)y)  - 0 
as  t •*  + °>,  by  assumption.  Therefore  T!-;(t)x  - 0 
(weakly)  ast-*  + «»=>  xe  W(T*).  So  CA  £ W(T*) 
Q.E.D. 

(ii)  Sufficiency 

Assume  C1  £ W(T*).  We  will  first  prove  the 
sufficiency  when  T(t)  is  a contraction  semigroup 
and  show  that  the  general  case  can  be  reduced  to 
that  one. 

a)  T(t)  is  a contraction  ssinigroun: 

Let  K = - B*  be  the  feedback  gain.  Then  - B3*  is 
obviously  a bounded  dissipative  operator,  and  by 
(ii)  of  Lemma  4.1,  A - B3:':  generates  a contraction 
semigroup  S(t).  Then,  applying  the  Theorem  2.1  to 
S(t),  we  obtain  a decomposition  of  Ii  into  two 
orthogonal  subspaces  Hu(S),  reducing  S(t)  to  a 
unitary  group,  and  H (S),  reducing  S(t)  to  a 
c.n.u.  semigroup,  such  that 
vx  c Hcnu(S),  S(t)x  - 0 (weakly)  as  t -►  + “. 
Therefore,  it  only  remains  to  prove  that  S(t)  is 

weakly  stable  on  H (S).  Define  K (S)  as  in 

u u 

Theorem  2.1.  Then,  for  any  x in  Ku(S)  £ P(A)  we 
have 

vt  > 0,~-  | |S*(t)x|  |2=  ( (A*  - B3*)S*(Ox,S*(t)x)  + 
(S,:(t)x,  (A*  - BB*)S*(t)x)  0. 

Since  A*  and  - B3*  are  dissipative,  the  above 
equation  implies  that 
vt  > 0 B*S*(t)x  = 0. 

But,  by  Ieirma  4.2  this  implies  that  vt  B:'!T*':(t)x  = 0 
or  equivalently  x c C . So 

x £ Ku(S)  =>  x £ CA  (4.3) 

But  by  assumption  C1  £ W(T*).  Therefore 

x £ K^(S)  =>  x £ W(T*).  (4.4) 


Using  (4.2)  and  (4.3),  we  get: 
vt  > 0,  vx  £ Ku(S),  S*(t)x  = T*(t)x. 

Since  T*(t)x  - 0 (weakly)  as  t -*•  + *»,  by  (4.4),  so 
does  S*(t)x,  and  so  does  S(t)x,  because  W(S)  = 

W(S*),  by  (ii)  of  Tneoi'em  2.1.  Therefore, 
vx  £ K^iS),  S(t)x  - 0 (weakly)  as  t ■*  + “.  Since 
Ku(S)  is  dense  in  H^CS)  (Theorem  2.1),  and 
| jS(t) j | < 1,  then,  for  any  x in  IMS),  S(t)x  - 0 
(weakly)  as  t -*■  + “,  by  the  triangular  inequality. 
This  completes  the  proof. 

b)  TCt)  is  similar  to _a  contraction  semigroup 
As  in  Remark  3.2,  we  shall  interpret  T(t)  as  a 
contraction  semigroup  in  H^,  obtained  by  renorming 
H , with  the  equivalent  inner  product  [ • , • defined 
by  [x,y]^  = (Px,Py)  for  any  x and  y.  (P  is  defined 
in  Section  3). 

Next,  the  controllable  states  of  (A,B)  in  H and  in 
are  the  sane  since  the  closure  of  tyQR[T(t)3] 
in  H and  are  equal  because  of  the  equivalence 
of  the  two  topologies.  Noticing  t’  at  the  weakly 
unstable  states  of  (A,B)  also  retain  invariant 
in  the  renoming  of  the  space,  we  can  now  apply 
the  preceding  result  to  conclude  that  the  semi- 
group S(t)  generated  by  A - B3^  (where  B^  is  the 
adjoint  of  B in  K^)  is  a weakly  stable  contraction 
semigroup  in  H^.  It  is  therefore  weakly  stable 
in  H,  and  we  can  easily  see  that  its  generator  is 
A - BB-P,  since  B1  is  equal  to  B'-P  in  H.  Note 
that  S(t)  in  H,  is  also  similar  to  a contraction, 
and  the  similarity  operator  is  the  sama  as  that  of 
T(t). 

Corollary  4.1: 

If  A has  a compact  resolvent,  the  conditions  of 
Theorem  4.1  are  necessary  and  sufficient  for  the 
strong  stabilizability  of  (A,B).  In  particular 
A - BB*P  generates  a strongly  stable  semigroup. 

Proof : 

(i)  Necessity:  Follows  from  the  fact  that  strong 

stability  ->  weak  stability. 

(ii)  Sufficiency:  IVom  (iii)  of  Lemma  4.2,  A - E3*P 

has  a compact  resolvent  ! (A,  A - EB:VP)  anJ 
generates  a uniformly  bounded  semigroup  S(t),  which 
is  weakly  stable  by  Theorem  4.1.  Let  be  a 
point  in  the  resolvent  set  of  A - BB*P.  Then,  for 
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any  x in  P(A),  there  exist  a y in  H such  that  x = 

R(Ao>A  - BB*P)y. 

Then  S(t)x  = S(t)R(AQ>  A - BB:-‘P)y 
= R(\o,  A - BB*P)S(t)y 

Since V y e H,5(t)y— y 0 (weakly)  as  t ■*  + and 
since  R(Aq,  A - BBsVP)  is  compact 
Vx  t D(A)  S(t)x  ■*  0 as  t -»  + 

Since  D(A)  is  dense  in  H,  and  j|S(t)||  M, 

Vx  « H,  S(t)x  -*•  0 as  t -»  + " Q.E.D. 

Corollary  4.2. 

If  A generates  a contact  semigroup,  the  conditions 
of  Theorem  4.1  are  necessary  and  sufficient  for 
the  exponential  stabilizability  of  (A,B) . In 
particular,  A - BB*P  generates  an  exponentially 
stable  semigroup. 


Necessity  as  before. 

Sufficiency  follows  from  the  fact  that  for  a 
compact  semigroup  V.V.ak  Stability  = > Exponential 
Stability.  See  [43.  This  corollary  is  also  a 
consequence  of  the  sufficient  condition  proven  in 

[103. 

Remark  4.1 

In  Corollary  4.2,  the  assumption  that  T(t)  is 
similar  to  a contraction  can  ba  weakened  to  the 
assumption  that  T(t)  is  uniformly  bounded.  The 
reason  is  that  a uniformly  bounded  compact  semi- 
group happens  to  be  similar  to  a contraction. 

The  proof  in  [23  is  an  extension  to  the  continuous 
case  of  a proof  given  by  Sz.  Nagy  [83,  for  uniformly 
bounded  powers  of  compact  operators.  For  additional 
results  concerning  semigrou  ; which  are  not 
similar  to  contractions,  see  [23. 
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